Abstract. Let G be a connected reductive group with connected center defined over Fq, with Frobenius morphism F . Given an irreducible complex character χ of G F with its Jordan decomposition, and a Galois automorphism σ ∈ Gal(Q/Q), we give the Jordan decomposition of the image σ χ of χ under the action of σ on its character values.
Introduction
If G is a finite group, the problem of understanding the action of the absolute Galois group on the irreducible characters of G is a natural one. The problem also has useful applications, an interesting example being a conjecture of G. Navarro [22] which is a refinement of the McKay conjecture to take into account the Galois action on characters. In particular, it is an important problem to understand the action of the Galois group on the irreducible characters of finite groups of Lie type, see [24] for example, where the conjecture of Navarro is checked to hold for certain groups of Lie type.
In this paper, we describe the action of the Galois group on the irreducible characters of finite reductive groups with connected center, in terms of the Jordan decomposition of characters. This is a generalization of our results from a previous paper [27] where we accomplish this for the action of complex conjugation, and so describe the real-valued characters in terms of the Jordan decomposition. Our main result may be stated as follows.
Theorem (Theorem 5.1). Let G be a connected reductive group with connected center, defined over F q with Frobenius morphism F . Let m be the exponent of G F , and σ ∈ Gal(Q(ζ m )/Q) where ζ m is a primitive mth root of unity, with σ(ζ m ) = ζ r m where r ∈ Z and (r, m) = 1. Let χ be an irreducible complex character of G F with Jordan decomposition (s 0 , ν), where s 0 ∈ G * F * is a semisimple element in a dual group and ν is a unipotent character of C G * (s 0 ) F * . Then σ χ has Jordan decomposition (s r 0 , σ ν).
We also give in Corollary 5.1 criteria to determine the field of character values of an irreducible character based on Jordan decomposition, and in Corollary 5.2 we give a particularly simple condition which implies a character is rational-valued. These results reduce the question of the image of an irreducible character of G F under a Galois automorphism to understanding conjugacy of semisimple elements, which is well understood, and understanding the fields of character values of, and the action of group automorphisms on unipotent characters, both of which are well-studied problems [10, 17, 20] .
The organization of this paper is as follows. In Section 2, we establish notation for reductive groups, and in Proposition 2.1 we prove that a finite reductive group G F and its dual G * F * have the same exponent. If this common exponent is m, this allows us to work with automorphisms from Gal(Q(ζ m )/Q) which act on all irreducible characters of G F , G * F * , and all of their subgroups. While we could just as easily work with the Galois group of Gal(Q(ζ n )/Q), where n = |G F | = |G * F * |, it is nicer to work with this more refined result, and Proposition 2.1 may also be of independent interest.
In Section 3, we give the basic character theory of finite reductive groups, including Lusztig series and unipotent characters, and we prove several lemmas needed for the main result. We introduce the Jordan decomposition of characters in Section 4, including the crucial result of Digne and Michel in Theorem 4.1 that there exists a unique Jordan decomposition map with respect to a list of properties when the center Z(G) is connected. In Proposition 4.1, we are able to slightly strengthen one property of Theorem 4.1 regarding unipotent characters. Finally, our main results are proved in Section 5.
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Preliminaries on Reductive Groups
In this paper we follow the notation of [27, Section 2], which we now recall. Let G be a connected reductive group defined over a finite field F q (with p = char(F q ) and fixed algebraic closure F q ), with corresponding Frobenius morphism F : G → G. For any F -stable subgroup G 1 of G, G F 1 will denote the group of F -fixed elements of G 1 . For any g ∈ G, we write
Fix a maximally split F -stable torus T of G, contained in a fixed Fstable Borel subgroup B of G. Through the root system associated with T, we define a dual reductive group G * with dual Frobenius morphism F * , and with F * -stable maximal torus T * dual to T, contained in the F * -stable Borel B * of G * . Define the Weyl group W = N G (T)/T, and the dual Weyl group W * = N G * (T * )/T * . There is a natural isomorphism δ : W → W * [4, Sec. 4.2] , and a corresponding anti-isomorphism, w → w * = δ(w) −1 . The isomorphism δ restricts to an isomorphism between W F = N G (T) F /T F and (W * ) F * [4, Sec. 4.4] . Let l denote the standard length function on these Weyl groups.
Recall that the G F -conjugacy classes of F -stable maximal tori in G may be classified by F -conjugacy classes of W as follows [3, Sec. 8.2] . For any F -stable torus T ′ in G, we have T ′ = g T for some g ∈ G. Then g −1 F (g) ∈ N G (T) and w = g −1 F (g)T ∈ W . The G F -conjugacy class of T ′ then corresponds to the F -conjugacy class of w in W . Then we have T ′F = g(T wF )g −1 . We say that T ′ is an F -stable torus of G of type w (noting that the reference torus T is fixed). Since T ′F and T wF are isomorphic, we work with T wF instead of T ′F .
Similar to the case of tori, the G F -conjugacy classes of F -stable Levi subgroups are classified as follows. Let L be a Levi subgroup of a standard parabolic P, and given w ∈ W , letẇ denote an element in N G (T) which reduces to w in W . Then any Levi subgroup of G F is isomorphic to Lẇ F for some w ∈ W , and we work with Lẇ F instead of the Levi subgroup of G F . For precise statements, see [3, Sec. 8 If T ′ is an F -stable torus of G which is type w, then the F * -stable maximal torus of type F * (w * ) in G * (with respect to T * ) is the dual torus (T ′ ) * of T ′ . It follows that the finite tori T wF and T * (wF ) * are in duality, and there is an isomorphism, which we fix as in [3, Sec. 8.2] , between T * F * and the group of charactersT F of T F ,
Since T wF is in duality with T * (wF ) * , then we may replace F with wF , and F * with (wF ) * in the correspondence above. In particular, if s ∈ T * (wF ) * for some w ∈ W , then we denote byŝ the corresponding character inT wF . Consider any semisimple element s 0 ∈ G * F * . Then s 0 is contained in an F * -stable maximal torus of G * , and as above, we have s 0 ∈ g(T * (wF ) * )g −1 for some w ∈ W and g ∈ G * . We may correspond to s 0 (non-uniquely) the element s = g −1 s 0 g ∈ T * , where s is (wF ) * -fixed, and vice versa. We then say that s 0 and s are associated semisimple elements, and we obtain that the G * F * -conjugacy class of s 0 is associated with the W * -conjugacy class of s through this correspondence. Given any element s ∈ T * , define W F (s) as
Then, the semisimple elements in G * F * correspond to elements s ∈ T * such that W F (s) is nonempty. Given such an s ∈ T * , consider C G * (s) and its Weyl group W * (s) relative to T * , and define W (s) to be the collection of elements w ∈ W such that w * ∈ W * (s Proof. By the Jordan decomposition of elements, we have that any g ∈ G F can be written as g = su = us where s, u ∈ G F with s semisimple and u unipotent. If p = char(F q ), then p-power order elements in G F are exactly the unipotent elements, and elements with order prime to p in G F are exactly the semisimple elements [21, Theorem 2.5]. It follows that the exponent of G F is given by the product of the maximum order of unipotent elements in G F with the least common multiple of the orders of semisimple elements. Thus in order to show G F and G * F * have the same exponent, we must show that their maximal p-power order elements have the same order, and the least common multiple of the orders of their semisimple elements are the same.
Let s 0 ∈ G F be any semisimple element. Then s 0 ∈ g(T wF )g −1 for some g ∈ G and w ∈ W . We have T wF is in duality with T * (wF ) * in G * , and these are isomorphic as finite groups. For some g 1 ∈ G * , g 1 (T * (wF ) * )g −1 1 is a torus in G * F * containing an element of the same order as s 0 . It follows that the least common multiple of orders of semisimple elements in G F and G * F * are equal.
The notion of a regular element in a semisimple algebraic group was introduced by R. Steinberg [28] and was studied by him and others. Here, an element in G is regular if its centralizer in G has minimal dimension. We now recall a proof given by D. Testerman [30, p. 70 , Proof of Corollary 0.5] that when G is a simple algebraic group, then amongst unipotent elements of G, regular unipotent elements have maximum order, and we note that this argument also holds when G is a connected reductive group. If u ∈ G is regular unipotent of order o(u), take some Borel subgroup B 1 of G with unipotent radical U such that u ∈ U. If x ∈ G is any other unipotent element, we have gxg −1 ∈ U for some g ∈ G. The We first assume that G is a simple algebraic group. By [4, Proposition 5.1.1], for any connected reductive G with center Z(G), the natural homomorphism G → G/Z(G) induces a bijection between unipotent classes of G and G/Z(G), and in particular preserves orders of unipotent elements. So when G is simple, any other simple algebraic group isogenous to G has maximal p-power order elements of the same order, and this only depends on root system type. The only time G is simple and G * has different root system type is when G is type B m or C m , and these types are dual to each other. Testerman [30, Corollary 0.5] has computed the order of the maximal p-power order elements for all types. For type C m or B m , the maximal p-power order is the smallest p-power larger than 2m − 1 (see [30, Proofs of Corollary 0.5 and Proposition 3.4]). It follows that when G is a simple algebraic group, then the maximal p-power order elements of G F and G * F * have the same order.
Next assume that G is a semisimple algebraic group. Write G as the almost direct product of simple factors,
Then a maximal p-power order element of G is the element of maximal p-power order of all the G i . If Φ is the root system of G, then Φ is an orthogonal disjoint union of Φ i , the root systems of G i [21, Exercise 10.33]. It follows that G * has root system type which is an orthogonal disjoint union of the root system types of G * i . From the case for simple algebraic groups, G and G * have the same order of maximal p-power order elements, and this holds for any pair of semisimple algebraic groups with dual root system types.
Finally, when G is reductive, write , and so are the same in G and G * . Thus G F and G * F * have the same order maximal p-power order elements, and we have e(G F ) = e(G * F * ).
Characters of Finite Reductive Groups
In this section we give some general theory and establish several preliminary results on the complex characters of finite reductive groups G F . We fix a prime ℓ which is distinct from p = char(F q ), we let Q ℓ denote the ℓ-adic numbers, and fix an algebraic closure Q ℓ . We fix an abstract isomorphism of fields C ∼ = Q ℓ , so that our characters take values in Q ℓ . In particular we identify a fixed algebraic closure Q of the rationals with its image in Q ℓ under this isomorphism.
For any finite group H, any complex character (or Q ℓ -valued character) η of H, and any σ ∈ Gal(Q/Q), we define the character σ η by σ η(h) = σ(η(h)). If ρ is the representation with character η, then σ ρ is the representation with character σ η.
3.1. Lusztig induction. Deligne and Lusztig [6] defined certain virtual representations of finite reductive groups G F through the ℓ-adic cohomology with compact support associated to algebraic varieties over F q . If X is such a variety, we denote its ith ℓ-adic cohomology space with compact support with coefficients in Q ℓ as H i c (X, Q ℓ ), and then
Let L be an F -stable Levi subgroup of G of a standard parabolic P (as in Section 2) with
If we identify L F with Lẇ F as in Section 2, then we may regard this as a (G F × Lẇ F )-bimodule, and it is through this structure that one defines the Lusztig induction functor R G F Lẇ F which takes characters of Lẇ F to virtual characters of G F , and which is Harish-Chandra induction when the parabolic P is F -stable. While the definition of Lusztig induction depends on the choice of parabolic P, it is known in all but very few cases that this functor is independent of this choice [1, 29] . We will need the following statement (see also [25 
) is a rational integer, so is stable under the action of σ. By applying σ to both sides of (3.1), we have
proving the claim.
Lusztig series.
If one takes a torus T wF for the Levi subgroup in Lusztig induction, and θ is an irreducible character of T wF , then we get the Deligne-Lusztig virtual character R G F T wF (θ), originally defined in [6] . If s ∈ T * is semisimple such that W F (s) is nonempty, then the rational Lusztig series of G F corresponding to s, denoted E(G F , s), is the set of irreducible characters χ of G F such that, for some w ∈ W F (s) we have
T wF (ŝ) = 0, where ·, · denotes the standard inner product on class functions. Given s, t ∈ T * with both W F (s) and W F (t) nonempty, then E(G F , s) and E(G F , t) are either disjoint or equal, and are equal precisely when s and t are W * -conjugate. If s 0 and t 0 are semisimple elements of G * F * associated with s and t, respectively, as in Section 2, then this is equivalent to s 0 and t 0 being G * F * -conjugate (see [9, Propositon 13.13] and its proof). We will either denote the rational Lusztig series by E(G F , s) when it is parameterized by the W * -class of some s ∈ T * with W F (s) nonempty, or by E(G F , s 0 ) when it is parameterized by the G * F * -class of some semisimple element s 0 ∈ G * F * .
One may further define the geometric Lusztig series, which is parameterized by the G-conjugacy class of a semisimple element s 0 ∈ G F , and contains the associated rational Lusztig series. We only remark that when the centralizer C G * (s 0 ) (or C G * (s)) is connected, then the geometric and rational Lusztig series coincide.
Recall an irreducible character χ of G F is cuspidal if it does not appear in the truncation to any standard parabolic subgroup of G F , see [4, Section 9.1]. The set of cuspidal characters in the Lusztig series E(G F , s) will be denoted by E(G F , s) • .
By Proposition 2.1, we have e(G F ) = e(G * F * ) = m, and so any irreducible character of G F , G * F * , or any of their subgroups, takes values in Q(ζ m ) for ζ m a primitive mth root of unity. If σ ∈ Gal(Q/Q), we also denote by σ its projection to Gal(Q(ζ m )/Q). So σ acting on Q(ζ m ) is generated by σ(ζ m ) = ζ r m for some r ∈ Z with (r, m) = 1. We will need the following result, which is also a special case of [24, Lemma 3.4] .
Proof. We have χ ∈ E(G F , s) if and only if
T wF (ŝ) = 0 for some w ∈ W F (s), where the first equality is obtained by the fact that the inner product is a rational integer, and so stable under σ, and by applying σ to each term of the sum defining the inner product.
Each linear characterŝ takes values in mth roots of unity, since e(T wF ) divides m, and since s →ŝ is a homomorphism, we have σŝ =ŝ r = s r . From Lemma 3.1, we thus have (G F , 1) . The unipotent characters of G F may be viewed as generic objects associated with G F (see [2, Section 1B]), and there exists a canonical labeling of unipotent characters with certain uniqueness properties by a result of Lusztig [18] (see also [11, Section 4] ).
In this section we consider the eigenvalues of the Frobenius map acting on certain algebraic varieties, which correspond to unipotent characters, as studied by Lusztig in [13, 14] . In particular, for any w ∈ W , we let X w be the algebraic variety over F q given by the set of all Borel subgroups B of G which are mapped to F (B) by w (that is, the Deligne-Lusztig variety). We may thus consider the spaces H i c (X w , Q ℓ ). If δ is the smallest positive integer such that F δ acts trivially on W , then as in [14, Chapter 3] there is a natural action of F δ on H i c (X w , Q ℓ ). By [14, Corollary 3.9], for any unipotent representation π of G F with character χ, there exists a w ∈ W , i ≥ 0, and α ∈ Q × ℓ such that α is an eigenvalue of F δ acting on H i c (X w , Q ℓ ), and π is isomorphic to a G F -submodule of the generalized α-eigenspace of F δ on H i c (X w , Q ℓ ). Then we say α is an eigenvalue of F δ associated with χ (or π).
As in [12, Section 4.1], for any unipotent character χ of G F , any eigenvalue α of F δ corresponding to χ is uniquely determined by χ up to a factor of the form q kδ for some integer k. There is then a root of unity ω χ and a factor β χ ∈ {1, q δ/2 } such that α = ω χ β χ q kδ for some non-negative integer k. We will need the following property of these values, which is given in [12, Lemma 4.3] , where the first statement was first proved in [7, Cor. III.3.4] . Lemma 3.3. Let χ be any unipotent character of G F and σ ∈ Gal(Q/Q). Then we have σ(ω χ β χ ) = ωσ χ βσ χ , and ω χ β χ is contained in the field of character values of χ.
Note that if χ is a unipotent character of G F , then the fact that σ χ is also a unipotent character follows from Lemma 3.2.
When G is a simple algebraic group, then the values ω χ β χ have all been calculated for unipotent characters χ of G F , and follow from work done in [13, 14, 15, 7, 12] . Based on those calculations, we make the following observation which we will apply in the next section.
Lemma 3.4. Let G be a simple algebraic group of adjoint type defined over F q with Frobenius F , and let (G * , F * ) be the dual group. Let χ be any unipotent character of G F and ψ any unipotent character of G * F * . Suppose
Proof. Suppose that (G, F ) and (H,
c (X w , Q ℓ ) for any w ∈ W , so that the eigenvalues from each action are the same. Thus the isogeny f preserves the eigenvalues of the Frobenius corresponding to unipotent characters of G F and H F ′ . We now assume that G is a simple algebraic group of adjoint type, and we note the only time that (G, F ) and (G * , F * ) are not isogenous in this case are when G is type B n or C n , which are then dual to each other.
Next, it follows from [7, Cor. II.3.4] and [12, Lemma 4.4] that we must have β χ = 1 for any unipotent character χ of G F , unless (G, F ) is of type E 7 , E 8 , 2 E 6 , or 2 A n . Since we always have β χ = 1 in types other than these, the statement follows immediately in all other types. We consider specific values in the remaining types.
By [14, Theorem 3.34(ii)], when (G, F ) is type 2 A n (so δ = 2), for any unipotent character of G F we must either have ω χ = 1 and β χ = 1, or ω χ = −1 and β χ = q, and the statement follows in this case. When (G, F ) is type E 7 (so δ = 1), it follows from [14, Theorem 3.34(iv)] that the set of values taken by ω χ β χ in this case is {1, −1, ω, ω 2 , iq 1/2 , −iq 1/2 }, where ω is a primitive cube root of unity. Since the only time we have β χ = q 1/2 is if ω χ = ±i, and we never have ω χ = ±i and β χ = 1, the statement follows in this case. When (G, F ) is of type 2 E 6 (so δ = 2), it follows from [14, Table 1 ] along with [12, Lemma 4.2 and Remark 4.9] that the set of possible values of ω χ β χ is {1, ω, ω 2 , −q} with ω a primitive cube root of unity, and the desired statement follows.
Finally, we consider the case G F = E 8 (q), and the unipotent characters of E 8 (q) as they are labeled in [4, 
where ω is a primitive cube root of unity, and ρ is a primitive fifth root of unity. Further, the above references give that the only time ω χ β χ = i is when χ is labeled by E 8 [i] , and the only times when ω χ β χ = iq Proof. We consider the statement when G = G 1 × G 2 , and the general case follows. Any Borel subgroup of G is of the form B 1 × B 2 with B i a Borel subgroup of G i , and the Weyl group W is also a direct product, W = W 1 × W 2 . It follows that, given w ∈ W with w = (w 1 , w 2 ), the Deligne-Lusztig variety X w is a direct product, X w = X w 1 × X w 2 . We then have by the Künneth formula [9, Proposition 10.9(i)]
Thus the eigenvalues of F δ associated with χ are obtained as products of the eigenvalues of F δ associated with χ 1 and χ 2 , and the statement follows.
We can thus assume G i = G 1 for each i, and F cyclically permutes k direct product copies of G 1 , and so F k may be viewed as an endomorphism of G 1 . Then the Weyl group W of G is a direct product of k copies of the Weyl group W 1 of G 1 . If F δ is the least power of F which acts trivially on W , then F kδ is the least power of F k which acts trivially on W 1 . As in [13, (1.18) ] and [8, Proof of Proposition 6.4], any X w for w ∈ W is isomorphic to one of the form (w 1 , 1, . . . , 1) ∈ W k 1 , which is then isomorphic to X w 1 associated with G 1 and F kδ , with compatible actions. It follows that the eigenvalues of F δ acting on H i c (X w , Q ℓ ) are equal to those of F kδ acting on H i c (X w 1 , Q ℓ ). Note that the dual group in this case satisfies G * F * ∼ = G * F * k 
Then we have H = eCG F e, where e ∈ CG F is the idempotent element
There is a natural bijection between unipotent characters in the principal series and the irreducible characters of the Hecke algebra H, which is defined as follows [5, Theorem 11.25(ii) ]. Given a unipotent character χ in the principal series of G F , extend χ linearly to a characterχ of CG F , and then restrict to H to obtain an irreducible characterχ| H of the Hecke algebra. Now let σ ∈ Aut(C/Q), and we consider the action of σ on χ and its effect on the bijection with irreducible characters of the Hecke algebra.
Lemma 3.6. Given a unipotent character χ in the principal series of G F , and σ ∈ Aut(C/Q), we have
Proof. Given an element g α g g ∈ CG F , the action of σ is defined as
Note that we then have σ(e) = e, and since H = eCG F e, then σ •(χ| H )•σ −1 is a well-defined character of H. We compute
the result follows.
The Hecke algebra H(G F , B F ) has a basis indexed by the fundamental generating set of simple reflections for the Weyl group W F (see [4, Chapter 10] , for example). There is also the Hecke algebra H * = H(G * F * , B * F * ), corresponding to the dual group G * F * , again with a basis indexed by the simple reflections of the Weyl group W * F * . Through the isomorphism δ between W F and W * F * , we identify the Hecke algebras H and H * , and their irreducible characters.
Jordan Decomposition of Characters
Given the connected reductive group G and a rational Lusztig series E (G F , s) , where s ∈ T * with W F (s) nonempty, a Jordan decomposition map is a bijection
with the property that, for any χ ∈ E(G F , s) and any w ∈ W F (s), we have
The Jordan decomposition map was proved to exist in the case that the center Z(G) is connected by Lusztig [15] , and in the case that the center is disconnected by Lusztig [16] and by Digne and Michel [8] . In the case that Z(G) is disconnected, then there are rational Lusztig series E(G F , s) such that C G * (s) is disconnected. In this case, one defines the unipotent characters in the set E(C G * (s) (ẇ 1 F ) * , 1) to be those characters which appear in the induction from unipotent characters of the group (
Lusztig found [15] that in many cases the Jordan decomposition map J s is completely determined by the property (4.1), although this is not always true. In the case that Z(G) is connected, and so C G * (s) is connected for any s, Digne and Michel [8, Theorem 7.1] found a list of properties which uniquely determines the Jordan decomposition map, which we now state.
Theorem 4.1 (Digne and Michel, 1990) . Suppose that Z(G) is connected. Given any s ∈ T * such that W F (s) is nonempty, there exists a unique bijection
which satisfies the following conditions:
(1) For any χ ∈ E(G F , s), and any w ∈ W F (s),
The eigenvalues of F δ associated to χ are equal, up to an integer power of q δ/2 , to the eigenvalues of F * δ associated to J 1 (χ). (b) If χ is in the principal series then J 1 (χ) and χ correspond to the same character of the Hecke algebra.
and such that L isẇF -stable, then the following diagram is commutative:
wherevẇ =ẇ 1 , and we extend J s by linearity to generalized characters. (5) Assume (W, F ) is irreducible, (G, F ) is of type E 8 , and (C G  *  (s), (ẇ 1 F )  *  ) is of type
Let L be a Levi of G of type E 7 (respectively E 6 , respectively E 6 ) which contains the corresponding component of C G * (s). Then the following diagram is commutative:
where the superscript • denotes the cuspidal part of the Lusztig series, and w 2 = 1 (respectively 1, respectively the W L -reduced element of W F (s) which is in a parabolic subgroup of type E 7 of W ).
central torus, and semisimple elements s 1 ∈ G * 1 , s = ϕ * (s 1 ) ∈ G * , the following diagram is commutative:
where ⊤ ϕ denotes the transpose map, ⊤ ϕ(χ(g)) = χ(ϕ(g)).
We will need the following result, which follows from Theorem 4.1. It has the exact same proof as [27, Lemma 3.1].
Lemma 4.1. Let s, t ∈ T * (w 1 F ) * , so that s, t ∈ C G * (s) (ẇ 1 F ) * , and suppose that there existsv ∈ N G * (T * ) (ẇ 1 F ) * such thatvsv −1 = t. Let J s , J t be the maps as described in Theorem 4.1. If J s (χ) = ψ, then J t (χ) =vψ.
We slightly strengthen one part of Theorem 4.1 in the following, based on observations made in Section 3.3. Proof. Note if J 1 (χ) = ψ, then property (2a) of Theorem 4.1 is equivalent to the statement that ω χ = ω ψ , and our claim is that we have ω χ β χ = ω ψ β ψ . First assume G is a simple algebraic group of adjoint type. In all cases other than G being of type E 8 , then from Lemma 3.5 we have ω χ = ω ψ implies β χ = β ψ . But also, when J 1 (χ) = ψ, property (1) of Theorem 4.1 implies that χ and ψ must have the same degree (by [9, Remark 13.24] with s = 1). By Lemma 3.5 in the case G is type E 8 , since we have ω χ = ω ψ and χ(1) = ψ(1), then β χ = β ψ . Thus ω χ β χ = ω ψ β ψ whenever G is a simple algebraic group of adjoint type. We now reduce to this case by essentially following the arguments in [13, (1.18) ] and [8, pg. 144] .
Assume that G = i H i is a direct product with each H i a simple algebraic group of adjoint type. Each factor H i is either fixed by F , or is permuted cyclically by F within a subset of the factors. By the remark after Lemma 3.4, we may view G F as a direct product of factors with each of the form H F i , or is of the form H F k i when H i is cyclically permuted by F amongst k factors. By that same remark, and from the case of simple algebraic groups of adjoint type, the statement we desire holds true for either type of factor. By property (7) of Theorem 4.1, since the statement holds for each direct factor of G F , the statement also holds for G F itself.
Next suppose that (G, F ) is such that there is an epimorphism ϕ : (G, F ) → (G 1 , F 1 ), with kernel a central torus, where the desired statement on the eigenvalues of the Frobenius holds for the unipotent characters of the group G . The Weyl groups of G and G 1 may be identified (as W ) via ϕ with F and F 1 having the same action. For any w ∈ W it follows from [13, (1.18 )] that we may identify the Deligne-Lusztig varieties X w corresponding to G and to G 1 , and that we may identify the actions of F δ and F δ 1 on H i c (X w , Q ℓ ) (for any i ≥ 0). It follows that the bijections ⊤ φ and ⊤ φ * between sets of unipotent characters preserve the corresponding eigenvalues of Frobenius maps. We are assuming that if χ 1 is a unipotent character of G
From the commutative diagram in property (6) , it follows that we must also have ω χ β χ = ω ψ β ψ , that is, the statement holds for (G, F ) if it holds for (G 1 , F 1 ) .
Finally suppose that G is any connected reductive group with connected center, with Frobenius map F . There exists an epimorphism with kernel a central torus from (G, F ) to its adjoint quotient, say (G 1 , F 1 ). Then (G 1 , F 1 ) has the property that G 1 is a direct product of finite simple algebraic groups of adjoint type, with each direct factor being either fixed by F 1 , or is in a subset of factors which are permuted cyclically by F 1 . By the previous two paragraphs, the desired statement now follows for the arbitrary G F .
Main Results
We may now prove our main result, which essentially states that the action of the Galois group on the Jordan decomposition (s, ψ) of characters is the natural one. In particular, this image may be calculated with the knowledge of the images ofŝ and ψ under the given Galois automorphism.
Theorem 5.1. Suppose Z(G) is connected, and let χ be an irreducible complex character of G F . Let σ ∈ Gal(Q/Q), so σ acts on Q(ζ m ), where m = e(G F ) = e(G * F * ) and σ(ζ m ) = ζ r m with r ∈ Z and (r, m) = 1. Let s ∈ T * such that W F (s) is nonempty, where χ ∈ E(G F , s) and J s (χ) = ψ. Then σ χ ∈ E(G F , s r ) and J s r ( σ χ) = σ ψ.
Proof. It is enough to consider σ ∈ Gal(Q(ζ m )/Q). By Lemma 3.2, we have σ χ ∈ E(G F , s r ), and we show that in particular
Our proof follows the same structure as the proof of [27, Theorem 4.1], replacing complex conjugation by a Galois automorphism. We prove the claim by induction on the semisimple rank of G, where the first case is when G = T is a torus, so that each Lusztig series contains exactly one character, and the statement follows immediately. Assume now that the statement holds for any group with semisimple rank smaller than (G, F ), and we prove the statement holds for (G, F ).
If λ ∈ E(G F , s r ), it follows from Lemma 3.2 that σ −1 λ ∈ E(G F , s). That is, every character in E(G F , s r ) is of the form σ χ for some χ ∈ E(G F , s). Given this fact, we have a well-defined map
where µ s r ( σ χ) = σ ψ when J s (χ) = ψ. We apply the uniqueness described by Theorem 4.1 to show that µ s r = J s r , which will give the desired result. We prove the map µ s r satisfies each of the properties listed in Theorem 4.1, where the induction hypothesis on the semisimple rank is employed only for properties (4) and (5). For property (1) of Theorem 4.1, we can apply Lemma 3.1. Using the fact that χ,
, and similarly,
Since we have
then it follows we have
(1) , so that µ s r satisfies (1). For property (2), we take s = 1 and assume χ ∈ E(G F , 1) is unipotent and J 1 (χ) = ψ. Instead of property (2a), we can use the refined property in Proposition 4.1, which is equivalent to ω χ β χ = ω ψ β ψ , and so σ(ω χ β χ ) = σ(ω ψ β ψ ). By Lemma 3.3, we have σ(ω χ β χ ) = ωσ χ βσ χ and σ(ω ψ β ψ ) = ωσ ψ βσ ψ . Thus ωσ χ βσ χ = ωσ ψ βσ ψ , and so the property in Proposition 4.1 holds for the map µ 1 . Now assume that χ is a constituent of Ind
, that is, χ is in the principal series, which means ψ = J 1 (χ) is in the principal series for G * F * . By (2b) of Theorem 4.1, χ and ψ both correspond to the same character κ of the Hecke algebra H(G F , B F ) (identified with H(G * F * , B * F * ) as in Section 3.4). Note that if χ and ψ are principal series characters, then so are σ χ and σ ψ, where µ 1 ( σ χ) = σ ψ. By Lemma 3.6, since χ and ψ both correspond to the character κ of the Hecke algebra, then σ χ and σ ψ both correspond to the character σ • κ • σ −1 of the Hecke algebra. (Technically, we must replace σ by any extension of σ to Aut(C/Q) for σ • κ • σ −1 to be well-defined, although it is immediate that this is independent of the choice of extension.) It follows that property (2b) also holds for µ 1 .
For property (3), let z ∈ Z(G * F * ), and recall r satisfies (r, m) = 1 and
Since (sz k ) r = s r z and σ ( z k ) =ẑ kr =ẑ, then by definition we have
and property (3) for µ s r follows. For property (4) , since the Levi subgroup L has semisimple rank strictly smaller than G, we may apply the induction hypothesis. So for any ξ ∈ E(Lẇ F , s), if J L s (ξ) = ψ, then J L s r ( σ ξ) = σ ψ. Also, if R G F Lẇ F (ξ) = χ, then R G F Lẇ F ( σ ξ) = σ χ by Lemma 3.1. It follows that the diagram in property (4) commutes when we replace J s with µ s r in the top row and J L s with J L s r in the bottom row, as desired.
The proof that the map µ s r satisfies property (5) is very similar to the proof for (4) above. We may again apply the induction hypothesis to the Levi subgroup L, and so if ξ ∈ E(Lẇ 2 F , s) • and J L s (ξ) = λ ∈ E(L * (ẇ 2 F ) * , 1) • , then J L s r ( σ ξ) = σ λ. If R G F Lẇ2 F (ξ) = χ, then R G F Lẇ2 F ( σ ξ) = σ χ, and if
We know J s (χ) = ψ, and thus µ s r ( σ χ) = σ ψ. The diagram in property (5) therefore commutes when J L s r is on the bottom row and µ s r is on the top row, and it follows that property (5) holds for µ s r .
For property (6), let ϕ : (G, F ) → (G 1 , F 1 ) be an epimorphism with kernel a central torus, and ϕ * : (G * 1 , F * 1 ) → (G * , F * ) the induced map between the dual groups. Let χ 1 ∈ E(G F 1 1 , s 1 ), ⊤ ϕ(χ 1 ) = χ ∈ E(G F , s), with J s (χ) = ψ and J s 1 (χ 1 ) = ψ 1 . By applying property (6) to J s and J s 1 , we have ⊤ ϕ * (ψ) = ψ 1 . We have σ ψ 1 = σ ( ⊤ ϕ * (ψ)) = σ ψ(ϕ * ). Thus, ⊤ ϕ * ( σ ψ) = σ ψ 1 . We also have ϕ(s r ) = s r 1 , and ⊤ ϕ( σ χ 1 ) = σ χ 1 (ϕ) = σ χ. Now, the diagram from property (6) is commutative when we have µ s r 1 in the bottom row and µ s r in the top row, as desired. Since all properties from Theorem 4.1 hold for the map µ s r , we must have µ s r = J s r , and it follows that if J s (χ) = ψ, then J s r ( σ χ) = σ ψ.
The following is our main application of Theorem 5.1, which allows us to reduce the problem of computing the field of character values of an irreducible character of G F to the question of conjugacy of powers of semisimple elements, and the computation of the actions of group and Galois automorphisms on unipotent characters. Proof. In the notation of Theorem 5.1, we suppose that χ ∈ E(G F , s) with s ∈ T * and W F (s) nonempty (so s corresponds to s 0 ). First, consider some h ∈ G * (ẇ 1 F ) * which normalizes C G * (s) (ẇ 1 F ) * . The automorphism of C G * (s) (ẇ 1 F ) * given by conjugation by h permutes the unipotent characters E(C G * (s) (ẇ 1 F ) * , 1), by [2, (1.27) ] for example. If hsh −1 = s r for some r ∈ Z such that (r, m) = 1, then h normalizes C G * (s) (ẇ 1 F ) * = C G * (s r ) (ẇ 1 F ) * . Any other element h 1 ∈ G * (ẇ 1 F ) * satisfying h 1 sh
